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Abstract. In this paper we develop a geometric theory for quasilinear parabolic 
problems in weighted Lp-spaces. We prove existence and uniqueness of solutions 
as well as the continuous dependence on the initial data. Moreover, we make use 
of a regularization effect for quasilinear parabolic equations to study the w-limit 
sets and the long-time behaviour of the solutions. These techniques are applied 
to a free boundary value problem. The results in this paper are mainly based on 
maximal regularity tools in (weighted) L p -spaces. 

1. Introduction 

In this paper we consider abstract quasilinear parabolic problems of the form 

u + A(u)u = F(u), t > 0, u(0) = u , (1.1) 

where (A, F) : V p — > B(Xi,X ) X X and uq £ V p . The spaces Xi,X are Banach 
spaces such that X\ c — > Xq with dense embedding and V p is an open subset of the 
real interpolation space 

X lifl := (X Q , X^^i/^p, fi £ (1/p, 1]. 

By B(Xi,Xq) we denote the set of all bounded linear operators from X\ to Xq. For 
p £ (1, oo), let L p ^(J\X) denote the vector-valued weighted L p -space 

L p .^J- X) := {u : J - Xq : t 1 ^ £ L p (J; X)}, (1.2) 

where X is a Banach space, /i £ (1/p, 1] and J = [0, T], T > 0. In this paper we are 
interested in solutions u(t) of (|1.1[) having maximal L p ^- regularity, i.e. 

u£H^{J;X ) nL PiM (J;Xi), 

with Hp (J; Xq) being defined as 

HljJ;X ) := { U e L P)M (J;X )n W/^Xo) : u 6 L p , M ( J; X )}, 

and H^ ^(J;Xq) is supplied with the norm 

IMIh^ := IMk P ,, + IH|l p , m , 

which turns it into a Banach space. In our approach it is crucial to know that 
the operator Aq := A(uq) has the property of maximal £ PiAt -regularity, for short 
Aq £ M7Zp,fj,(Xi, X ). To be precise, this means that for each / £ L Pjll (R + ;A" ) 
there exists a unique solution 

u £ H^(R + ;Xq) nl w (f+;li) 
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of the problem 

u + A u = /, t > 0, u(0) = 0. 

Thanks to [2lJ Theorem 2.4] the characterization 

A g AtfZ^Xi, X ) «yl e TW^X^Xo) 

for a closed linear operator A in X holds true, provided /x G (1/p, 1], p G (l,oo). 
Here we use the notation A n G MTZ p (Xi, X ) for the 'classical' case p = 1. This 
characterization is very useful, since there are many results available which ensure 
A G MTZp(Xi, X ), see e.g. [TT]. Concerning nontrivial initial data, it was shown in 
[2"Tl Theorem 3.2] that if A n G A4TZ p (X 1 , X ), then the initial value problem 

u + Aqu = /, t > 0, m(0) = Mo- 
has a unique solution it with maximal Lp^-regularity if and only if / G Lp iM (IR+; Xo) 
and Mo G X-y tli , which is the natural phase space in this functional analytic setting. 

The choice of the weighted L p -spaces has a big advantage. To see this, observe that 
for each fixed 8 G (0, T) the embedding 

ff p y0, T; X ) n L p>jU (0, T; Xi) fljft T; X ) D L p (6, T; X,) 

is true. This shows that if we start with an initial value in the larger space X 7iM , ji G 
(1/p, 1), compared to the classical case p = 1, the solution regularizes instantaneously, 
since S > may be arbitrarily small. Note that this regularization effect can not be 
obtained in the usual setting of maximal L p -regularity, i.e. if fj, = 1. We use this 
property to study the long-time behaviour of the solutions of (jl.ip , in particular their 
w-limit sets. To our knowledge, so far, there do not exist results on well-posedness of 
(|l.ip and its consequences in weighted L p -spaces of the form (jl.2l) . 

This paper is organized as follows. In Section 2 we show that the initial value 
problem (jl.ip has maximal Lp !A1 -regularity, if A(uq) G M1Z p (Xi 7 Xo) and if (A, F) 
are Lipschitz continuous. Furthermore we show that the solutions to (jl.ip depend 
continuously on the initial data. These results extend those of Clement & Li [5] and 
Priiss [20] who considered unweighted L p -spaces, i.e. the case fi = 1. 
In Section 3 we prove that bounded orbits in X 7 :— X~ i are already relatively com- 
pact in X 7 , provided X 1 is compactly embedded in X^ „, /i G (1/p, 1). In particular 
this yields global existence of solutions which are bounded in X 1 . By means of the 
variation of parameters formula, this is easy to prove for semilinear equations, where 
A(u) = Aq, but in the quasilinear case it is by no means obvious. For this purpose we 
make use of the regularization effect as well as of the continuous dependence of the 
solutions on the initial data. At the end of Section 3 we apply this result to a class 
of second order quasilinear parabolic initial boundary value problems. 
Section 4 is devoted to the long-time behaviour of solutions of JO}. By relative 
compactness of the orbits, the w-limit set w(mo) C X^ of the solution m(£) to (|l.ip is 
nonempty, compact, connected and a global attractor for the solution m(£). Assuming 
the existence of a strict Ljapunov functional, we have furthermore w(mo) C £, where 
£ denotes the set of equilibria of (|l.ip , i.e. the set of all solutions of (|l.ip which 
are constant in t. If we postulate that there exists m* G lo(uo) which is normally 
hyperbolic (see Theorem 14.11 for the notion of normal hyperbolicity) , it follows that 
uit) converges at an exponential rate to m* in X Jy provided (j4,-F) are continuously 
diffcrentiable. In this way we extend the local convergence result [22j Theorem 6.1] 
to a global one, i.e. there is no need to choose the initial value sufficiently close to m* 
in X^. 
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Finally, in Section 5, we show that the techniques of Section 3 & 4 can also be ap- 
plied to problems with moving boundary. To be precise, we study global existence 
and long-time behaviour of solutions to the two-phase Mullins-Sekerka problem. For 
the sake of readability and completeness we also provide some facts from differential 
geometry, which are essential for our considerations. 

There is a vast literature concerning existence and uniqueness of solutions to quasi- 
linear parabolic problems of the form fll.lj) in different functional analytic settings, 
see[IJ0|3ll|51|Blia[ini[I3[iaiI3l23l21l2S]; this is just a selection. Basically there 
are two approaches to establish well-posedness of (jl.ip . One makes use of the theory 
of parabolic evolution operators, see e.g. [TJH]- Another approach uses maximal reg- 
ularity tools which have for instance been applied in [10l [2Ql [23] . The method 
of maximal regularity has the advantage that it provides a natural analytic setting 
for the semiflow, which is induced by A theory based on function spaces with 

weights has been used in [5] in order to treat functions with a singularity at t = 0. 
This approach has been further developed in the papers [23] and [10] , which are based 
on maximal regularity in continuous interpolation spaces. In particular, the authors 
in [10] consider 

BUC^([0,T};X) := {u G C((0,T];X) : t^u G BUC((0,T];X), 

lim * 1 -'*K*)|x=0} > //e (0,1]. 
t— >o+ 

as a basic space, instead of (11.21) . Concerning the long-time behaviour of solutions, 
we refer e.g. to [3 [J71 [THl HH1 [22j [24]. It is one aim of this paper to extend the local 
convergence result 1221 Theorem 6.1] to a global one. At this point we want to mention 
the paper [8] where the authors prove a Lojasiewicz inequality for the Willmore flow, 
a problem for moving hypersurfaces. They apply this inequality to exclude compact 
blowups for the Willmore flow. 

Notations. Let p G (1, oo), T G (0, oo) and fi G (1/p, 1]- If Xq and X\ are Banach 
spaces with dense embedding X\ <— > Xq, we define 

E M (0, T) := ff p y0, T; X ) D L p>fl (0, T; XJ, 
Eo iP (0,T) :=L P ^(Q,T;X ), 

and 

^f,fj, '■— (^0,^l)^l/p,p, 

where (Xo, Xi)^_i / P;P is the real interpolation space of order ji— 1/p and exponent p. 
Furthermore we denote by || • ||oo,x , the norm in BC([0, T]; X 14l ). In the 'classical' 
case /i= 1 we simply use the notation Eo, Ei and X 7 instead of E^i, Eo,i and X lt \. 
We write Xi^^Xq if X\ is compactly embedded in Xq. If M\ and M2 are metric 
spaces and F : Mi — > M2, then F G C 1_ (Afi; M2) means that F is locally Lipschitz. 

2. Local Well-Posedness 

The aim of this section is to solve the quasilinear evolution equation 

u + A{u)u = F(u), t > 0, u(0) = ui, (2.1) 

under the assumption that there exist two Banach spaces Xq, X\, with dense embed- 
ding X\ <—* Xq such that the nonlinear mappings (A, F) satisfy 

(A,F) G C l -(V ll ;B(X 1 ,X ) x X ), (2.2) 
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where C (Xo, Xi)^i/ PtP —: X lt ^ is open and nonempty for some /i G (1/p, 1] 
The main result of this section reads as follows. 



Theorem 2.1. Letp G (l,oo), uq G be given and suppose that (A,F) satisfy 

for some [i £ (1/p, 1]- Assume in addition that A(uq) G M.1Z p (Xi, Xq). Then there 

— x 

exist T = T(uq) > and e — e(uq) > 0, such that B e 7,p (iiq) C Vn and such that 
problem (|2.1|) has a unique solution 

«(', »i) e #* M (0, T; Xo) n L Ptfl (0, T; X,) n C([0, T]; V„), 
on [0, T], /or any initial value u\ G B e 7 '**(ito). Furthermore there exists a constant 

— x 

c = c(Uo) > such that for all u\,u 2 G B £ ~'' ij (uq) the estimate 
\\u{;Ux) - u(;U 2 )\\n ltll (o,T) < c\u x - U 2 \ Xl ^ 

is valid. 



Proof. Since uo G and by (|2.2p . there exists £o > and a constant L > such 
that B^Cuo) C and 

|A(u>i)v - A(iu 2 )«|x < £|^i - W2\x y ,Jv\ Xl , (2.3) 

as well as 

\F(wi) - F(w 2 )\x <L\wi- w 2 \x^ li , (2.4) 

hold for all wi,w 2 G Beg 7 ' 11 (tto), t)6li. By the results of the previous section we may 
introduce a reference function Uq G Ei iAt (0, T) as the solution of the linear problem 

w + A(uq)w = 0, tu(0) = tin- 

Define a ball B r C Ei, M (0,T) by 

Bt,t, Ui := {v E E liM (0,T) : u| t=0 = m and ||u - t*SIU < r )> < r < 1. 

Let ui € B £ ^'^(uq) with e E (0, £o]- We will show that for all v E B r? T, Ul it holds 
that u(£) G i? £o 7,M (uo) for all £ G [0, T], provided that r, T, e > are sufficiently small. 
For this purpose we define u\ G Ei )M (0, T) as the unique solution of 

w + A(uq)w = 0, w(0) = u%. 

Given v G M ri T,m we estimate as follows. 

II" - uolU.x,,,, < ||« - Willoo,x 7)(1 + IK - "olloo,^ + IK - u olU,Xy,*- (2-5) 

Since ito is fixed, there exists T = T (uq) > such that sup tg [ T . o ] K(£) — «o|x 7 M < 
£o/3. Observe that (w — u*)|t=o = 0, hence 

\\v - <|U,x^ >(1 < Cx||w - uJ||e 1i(1 ( ,t) 
and the constant C\ > does not depend on T. Therefore 

||« - «*||oo,x^ < Ci||w- w*lk, M (o,r) < Ci(l|w ~ «olk, M (o,T) + IK - Wilk.^o/r)) 
< C x (r+ |K - wJlk, M (o,T)), 
and (|2.5|) yields the estimate 

||«- Wolloc,*™ 

< Ci(r + |K -Klk, M (0,T)) + IK - Wll|oo,X^, M + IK -Wo||oo,X 7 ,„- 
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Since by assumption the semigroup e~ A ( Uo%>t is exponentially stable it follows that 

IK -ul\\oo,x^ +C1IK -<IIe 1iM (o,t) < C y \u -ui|x 7 , M , (2.6) 

with a constant C 7 > which does not depend on T. Choosing e < £o/(3C 7 ) and 
r < Sq/(3Ci), we finally obtain 

||«-tio|U^ <Cir + C 7 e+||«o-«olU^ < £o- (2.7) 

Throughout the remainder of this proof we will assume that u\ £ B e 7,f '(uo), e < 
Eo/(3C 7 ), T £ [0, To] an d r < £o/(3C{). Under these assumptions, we may define 
a mapping T U1 : M r ,T. ul — * Ei iA1 (0, T) by means of T ui v = u, where u is the unique 
solution of the linear problem 

u + A(u )u = F(v) + {A(u ) - A(v))v, t > 0, m(0) = u x . 

In order to apply the contraction mapping principle, we have to show T ul M r T U1 C 
®r,T,wi an d that T U1 defines a strict contraction on B r t«d i.e. there exists k £ (0, 1) 
such that 

H^v-^ulk.^o.T) < n\\v-v\\ El ^ T ), 
is valid for all v, v £ M rt T,m ■ We will first take care about the self-mapping property. 
Note that for v £ ly^m we have 

(T ui v)(t) - u*(t) = u *(t) - u*(t) + (e- A ^> * (F(v) + (A(u ) - A{v))v)) (t). 

To treat the convolution term, we observe (e - ^ 110 '' * (F(v) + (A(uq) — A(v))v)) (0) = 
0, hence A(uo) £ MlZ p (Xi,X ) implies 

\\e- A ^> * (F(v) + (A(u ) - A(v))v)\\ El ^ T) 

<Co\\F(v) + (A(u )~A(v))v)\\ EoAQX) , 

and Co > does not depend on T. Let us first estimate (A(uq) — A(v))v in Eq(0, T). 
By ([23]) and ([27T]) we obtain 

| (A{u Q ) - A(v))v\\ Eo ii (0 ,T) <L\\v- M 1 U,X 7lW I M k, M (o,r) 

< - wo||oo,x T , M (r + IKIk,„(o,r)) 

< L(C ir + C 7 e + \\u* ~ u \\oo,x^J(r + \\u*\\ El Aox) ). 

Furthermore, by fH]) and (f^77|> 

II^WIlEo, tl (o,T) < ||F(i>) - F(u )\\ Eo ^ T) + \\F(u Q )\\ Eo ^ T) 

< a(T)L\\v - u ||oc,x T , M + \\F(u )\\ Eo ^ T) 

< a(T)L(C ir + C y e +\\u*- Mo|U,x 7 ,J + H^MIk^o.r) 
= a(T) [L(C ir + C 7 s + |K - Wo|U,x 7 ,J + I^Mk] , 



with <t(T) : = 7TT7T J ^W rl/P+1 ^- Si 



mcc 



IK - uolloo.x^, IKIk, M (o,T) -» as T -> 0+, 

this yields 

II^i«-«oIIei, m (o,t) < IK -"olk,^(o,T) +r/2, 
provided r>0, T>0,e>0 are chosen properly. By (|2.6p we obtain in addition 

\\TuiV - uS|| Eli<( (o,r) < (C 7 /Ci)K - M |v T , f , + r/2 < r/2 + r/2 - r, 
with a probably smaller e > 0. This proves the self- mapping property of T Ul . 
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Let Ui,«2 G B £ ~''^(uo) be given and let v\ G E>r,T,ui, v 2 G Ir.r,^- Then, since 
A(uq) G MTZ p (Xi,X ), we have 

\\T UlVl -T U2 v 2 \\ El ^ T) < ||e-^-(ui-« 2 )|| EliM (o ) r) + Co||f , (t>i)-F(w i! )|| 1SoiM( o,r) 
+ ColKA^i) - i4(«o))(«i - u 2 )I|e , m (o,t) + C ||(A(wi) - A(u 2 ))u 2 |k i(i(0 , T) . (2-8) 

For the first term on the right hand side we can make use of (|2.6[) where uo and 
Uq have to be replaced by u 2 and e~ A ^ U0,>t u 2 , respectively. The second term can be 
treated as follows. By (|2.4|) . we obtain 

H-FOx) - i f, (u 2 )||E , fl (o,T) < a(T)L\\vi - u 2 |U,x 7 , ff - 
Moreover, by (|2.6p and the trace theorem we have 

IK - walk*,., <\\v 1 -v 2 - (e- A ^>( Ul - uzM^x^ 

+ \\e- A ^-(u 1 -u 2 )\\ 00 ^ 

< CxWvx -v 2 - (e" A(tlo) '(Mi - u 2 ))||k 1i(1 (o,t) + C 7 K - u 2 \x^^ 

< Ci||ui - u 2 || El fl(0 ,T) +C 7 (1 + Ci)|ui - w 2 |x Tfl - 

(2.9) 

This yields 

- F(v 2 )\\ Eo A0 ^ < a(T)L (Ci||«i - «2|| EllM (o,T) + C 7 (l + C X )K - ualx^J . 
For the remaining terms in (|2.8p we make use of (|2.3|) which results in 

\\(A(vi) - A(u ))(«i - v 2 )\\e„^( ,t) + \\(A(vi) - A{v 2 ))v 2 \\k ^(o,t) 

< L(||Ui - Wolloo.X^IK -U2||e 1>(1 (0,T) + IK - W2|| Q 1 X^ (1 ||«2lk, ( .(Q,T)- 

By (|2.7p . the term — wolkx^ w can be made as small as we wish by decreasing 
r > 0, T > and e > 0. Furthermore we have 

IM|Ei )(l (0,T) < IK - «S|k )(t (0,T) + IKIk >(1 (0,T) < ?* + IKIk.^O.T), 

hence |Klk M (o,r) is small, provided r > and T > are small enough. Lastly, the 
term | \v% — v 2 \ kx» „ can be estimated by (|2.9p . In summary, if we choose r > 0, T > 
and e > sufficiently small, we obtain a constant c = c(uq) > such that the estimate 

-^ 2 U2|k >M (o,T) < glK -«2|k >(1 (o,T)+c|«i -«a|x 7 ,„, (2.10) 
— ^ 

is valid for all u\,u 2 G i? e 7, ''(uo) and Ui G B ri T,«i, «2 € M Tt T,u 2 - ln the very special 
case Mi = u 2 , (|2. 10(1 yields the contraction mapping property of T Ul on B^t,-^- Now 
we are in a position to apply Banach's fixed point theorem to obtain a unique fixed 
point u G ^>r,T,ux of T U n i- e - = u. Therefore u G M r T,ui is the unique local 

solution to (|2.ip . Furthermore, if u(t,ui) and u(t,u 2 ) denote the solutions of (|2.ip 
with initial values ui,« 2 G B £ T M (uo), respectively, the last assertion of the theorem 
follows from (|2.10p . The proof is complete. 

□ 

The next result provides information about the continuation of local solutions. 

Corollary 2.2. Let the assumptions of Theorem \2.1\ be satisfied and assume that 
A(v) G A41Z p (Xi, Xq) for all v G VJj. Then the solution u(t) of (|2.ip has a maximal 
interval of existence J(uq) = [0, i + (ito)). 
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Proof. Given uq G X 7ljU , Theorem 12.11 yields some T\ > and a unique solution 
u G Ei, M (0,Ti) n C([0, T]; V^) of $27$. Next, we apply Theorem ED to ([2T]) with 
initial value w(Ti) G to obtain some T 2 > and a unique solution u G Ei )At (0, T 2 ) PI 
C([0,T 2 ];^). Let 



G(t), tG[0,Ti], 
u(t-Ti), te^.Ti+Ta] 



Then u G Ei )At (0, Ti + T 2 ) n C([0, T x + T 2 ]; V^), provided that 

|«(t-Ti)|? tt 1 -^ dt+ / ^(t-TOIgt^-^d^oo, (2.11) 

/Ti JTi 

since we already know u G Ei jA1 (0, Ti). To establish (|2.11[) it suffices to verify u G 
Ei(0, T2). Clearly, u is a solution of the nonautonomous problem 

£ + i(t)u = F(i), ie[0,T a ], m(0)=G(T 1 ), 

where we have set A(t) := A(u(t)) and F(t) := F(u(t)). From (|2~2]) it follows that 
F G L P (0,T 2 ;X ) and 1 G C([0, T 2 ]; B(Xi, X )). The embedding 

ueEi i ^(0,Ti)-»C((0,Ti];X y ), 

yields £t(Ti) G Xy. Therefore we may apply [20l Corollary 3.4] to obtain u G Ei(0, T 2 ), 
whence w G Ei >A( (0, T\ + T 2 ) is the unique solution of (12. 1|) on the interval [0, Ti + T 2 ]. 
Inductively this yields a maximal interval of existence J(uq) ■— [0,t + (uo)) C Jo, 
which is of course half sided open, since otherwise we could continue the solution 
beyond t + (uo) with initial value u(t + (uo)). 

□ 

Remark 2.3. Let J = [0, To] a compact interval and denote by A41Z P (J; Xi, Xq) the 
class of all linear operators Aq : Xi — ► X such that for all / G L p (J; X ) there exists 
a unique solution u G HhJ; X ) n L p (J; of 

w + A w = /, < G (0,T ], tt(0) = 0. 

It is well-known that this properts does not depend on the length of the interval J, 
and that there exists a number k > such that the implication 

A G M"H P {J;X X ,X Q ) ^Ao + nle MTLpiX^Xo) 

holds, see e.g. Priiss [20]. In this sense the assumption A(uq) G A47Z p (Xi, Xq) in The- 
orem l2,ll can be replaced by the somewhat weaker condition A(u ) G M.1Z P (J; Xi,X ), 
we simply have to add ku to both sides of (|2.ip . 

3. Relative compactness of orbits 

Let u G Vfj. be given. Suppose that (A, F) satisfy (|2~2)) and A(v) G M1Z P (J; X, X ) 
for all v £ and for some /i G (1/p, 1), where J = [0, T] or J = M + . In the sequel 
we assume that the unique solution of (|2.1[) satisfies it G BC([t, t + (u Q )); V p fl X 7 ) for 
some r G (0,i + (u )) and 

dist(u(t),9V^) > »? > (3.1) 
for all t G J(uq). Suppose furthermore that 

X 7 ^X 7)M , /iG(l/p,l). (3.2) 

It follows from the boundedness of u(t) in X 7 that the set {w(i)}teJ(«o) C is 
relatively compact in X 7iM , provided // G (1/p, 1). By (|3.ip it holds that V := 



cS 



MATTHIAS KOHNE, JAN PRUSS, AND MATHIAS WILKE 



{u(t)} te j/ uo \ is a real subset of V M . Applying Theorem 12.11 we find for each v G V 

numbers e(v) > and S(v) > such that B*^ l {v) C and all solutions of (|2.ip 

which start in B e ^"(v) have the common interval of existence [0, 5(f)] ■ Therefore 
the set 

vEV 

is an open covering of V and by compactness of V there exist iV £ N and Vk G V, 
fc = 1, . . . , N, such that 

TV 

W := (J B^(v k ) D V = {u(t)} teJ{uo) D {«(t)} te j (uo) , 
fe=i 

where := e(Ufe), fc = 1, . . . ,N. To each of these balls corresponds an interval of 
existence [0, 8k], o"fc > 0, k = 1, . . . ,N. Consider the problem 

v + A(v)v = F(v), s>0, «(0) = u(i), (3.3) 

where i G J(uo) is fixed and let 5 := mm{8k, k = 1, . . . , N}. Since u(t) C U, t E 
J(uq), the solution of (|3.3p exists at least on the interval [0, 5}. By uniqueness it holds 
that v(s) = u(t + s) if t + s G J(uq), t G J(uo), s G [0, <5], hence sup J(uo) = +oo, i.e. 
the solution exists globally. 

By continuous dependence on the initial data, the solution operator G\ : U — > 
Ei iA1 (0, (5), which assigns to each initial value ui G W a unique solution G 
Ei >A1 (0, 5), is continuous. Furthermore 

( (5 / 2 ) 1_ai II«||e 1 (5/2,5) < H«lk, M (i/2,i5) < IMk.^o/), Me (i/p,i), 

wherefore the mapping Gi : Ei iM (0, 5) — ► Ei(<5/2, (5) with i; i— » u is continuous. Finally 

K<5)U 7 < \\v\\bUC{(S/2,S);X^) < C(5)\\v\\ El{5 /2,8), 

hence the mapping G3 : Ei(<5/2, 6) — * X~ with v 1— > v(<5) is continuous. This yields 
the continuity of the composition G = G30G20G1 : W — » Xy, whence G({it(i)}i>o) = 
+ 5)}t>o is relatively compact in Xy, since the continuous image of a relatively 
compact set is relatively compact. Since the solution has relatively compact range in 
X 7 , it is an easy consequence that the w-limit set 

u>(uq) := {v G Vfj_ Pi X 1 : 3 t n f 00 s.t. u(t n ; uq) — » u in X T } 

is nonempty, connected and compact. We summarize the preceding considerations in 
the following 

Theorem 3.1. Let p G (1, 00) and let J — [0,T] or J = R + . Suppose that A(v) G 
MlZ p (J] Xi, X ) for all v G V„ and let (|2.2p as well as (|3.2[) /10W /or some /i G 
(1/p, 1). Assume furthermore that the solution u(t) of (|2.1[) satisfies 

u6BC([r,t + (iio))i^nZ 7 ) 
/or some r G (0,i + (ito)) ami 

dist(«(t),aV^) > 77 > 

/or i G J(uq). Then the solution exists globally and for each S > 0, the orbit 
{u(t)} t >s is relatively compact in Xy. If in addition Uq € R X 7 , f/ien {u(t)}t>o is 
relatively compact in X~. 
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3.1. A second order quasilinear problem. In this subsection we show how to 
apply Theorem 13. II to a certain class of second order quasilinear parabolic equations. 
To be precise, we consider the problem 

d t u - a(u, Vu) : V 2 u = f(u, Vu), t > 0, x £ f2, 

u = 0, t>0, x £ dn, (3.4) 
u(0) = Uq, x £ fl 

where C K" is a bounded domain with boundary dfl G C 2 , f G C 1 (M x E";M), 
a G C 1 (K x M"; M" xn ) and a(u, v) is symmetric and positive definite for each (it, v) £ 
K x E". If A, B G R" x ™, then A : B stands for 

n 

A:B= J] oyftj,- = tr(AB T ), 

which defines the standard inner product in the space of matrices R nx ™. Let us first 
rewrite Q3.4p in the form (|2.1[) . To this end we set Xq = L p (fi), 

X 1 = {ue W 2 {Q) : u\ an = 0}, 

where u\qq has to be understood in the sense of traces. In this situation, we have for 
M G (VP, 1] 

y y , _l{ueW^- 2/p (n):u\ dn = 0} 1 if W > 3/2, 

a 7 , p - (ji 0) M) M -i/ PlP - \ w 2,-y P{n)j if ! < Mp < 3/2j 

see e.g. [15]. Let us assume that p > n + 2, wherefore the embedding W^ 2 2 ^ p (f2) <^-» 
C 1 (f2) is at our disposal. In this case there exists fj,Q £ (1/p, 1) such that 

W *-Vp (q) ^ W 2 M - 2 / P(n) ^ if ^ g (mQ) x) _ 

Indeed, the number /io G (1/p, 1) is given by 

1 n + 2 1 n+p 



Mo 



2 2p p 2p ' 



provided p > n + 2. For G (/io, 1], we define .4 : X 7i/J ■— *• S(X , Xi) and F : X 7)fJl — ► 
X by means of 

A(w)u(x) := a(v(x), Vv(x)) : V 2 u(x), x G O, »E X 7 . p , it £ Xj., 

and 

T»(z) := f(v(x), Vv{x)), x £ Q, « £ X^. 

From the regularity assumptions on a and / it follows that 

(A,F)eC l -(X J ^;13(X 1 ,X )xX ), M £ ( Mo ,l]. 

Furthermore, by [IUCE2], we obtain G M1Zp(J; X 1: X ) for all u G X 7i([1 , /x £ 

(/io 5 l]j where J = [0, To] is an arbitrary compact interval. By Theorem 12.11 there 
exists a unique solution u of (|3.4|) with maximal interval of existence J(uo), provided 
wo G Xj tlM . Assuming in addition u G BC{ J(uo); X 7 ) we may apply Theorem 13. II to 
the result 
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Theorem 3.2. Let n G N, p > n + 2, CI C R n a bounded domain with boundary 
dfl G C 2 and let uq G W 2 2 ^ P (Q) such that uolsii = 0. Assume in addition f G 
C X (R x R"; R) and a G C 1 (R x M"; M" xn ) with the property that a(u, v) is symmetric 
and positive definite for each (u,v) G R x R n . // the solution u(t) of (13 .4|) satisfies 

ueBC (j{u )-w 2 ' 2 ' p (n)) , 

then u(t) exists globally, i.e. J{uq) — R+ and the set {u(t)}t>o is relatively compact 
in Wp 2 ^ p (fl). Moreover, the u-limit set 

w(«o) := {v G W*- 2/p (Cl) : 3 t n / oo s.t. u(t n ;u ) - v in W 2 - 2/p (fl)} 
is nonempty, connected and compact. 

Remark 3.3. For simplicity we supplied ()3.4p i with a Dirichlet boundary condition. 
However, this boundary condition may be replaced by any other even nonlinear one 
(up to differential order one), as long as the Lopatinskii-Shapiro condition holds, 
which leads to maximal L p -regularity (see e.g. [TT1 [T21 \Tf\ ). 

4. Long-Time Behavior 

In this section we investigate the long-time behavior of solutions to the quasilinear 
problem 

ii + A(u)u = F(u), t > 0, u(0)=u o , (4.1) 

where (A, F) G C 1 ^; B(X U X ) x X ) and c X ltfl = (X ,Xi)^_ 1/PtP , n G 
(1/p, 1) is open. We call m* an equilibrium of (|4.1[) if u» G Vp fl X\ and A(u*)u* = 
F(u*). The following result has been proven in [22J, Theorem 6.1] in the classical 
setting, i.e. /i = 1. 

Theorem 4.1. Let 1 < p < oo and let V\ C X 1 be open. Suppose u* G V\ fl 
Xi is an equilibrium of fj 4 . 1 1) . and suppose that (A, F) G C (V^;B(Xi,Xo) x Xo). 
Suppose further that A{u*) has the property of maximal Lp-regularity. Let Aq be the 
linearization of (|4.1|) atu*. Suppose that u„ is normally hyperbolic, i.e. assume that 

(i) near u* the set of equilibria S C Vi DXi is a C 1 -manifold in X\ of dimension 
m G N 0; 

(ii) the tangent space for £ at it* is given by N(Aq), 

(Hi) is a semi-simple eigenvalue of Aq, i.e. N(Aq) © R(Aq) = Xq, 
(iv) a(A a ) n«tc {0}, cr(A ) n C_ j4 0, <t(Ao) n C+ ^ 0. 

TTien for each sufficiently small p > f/iere exists S G (0, p] smc/i i/iai the unique 
solution u(t) of (|4.ip wii/i initial value uq G -B5 7 (u*) either satisfies 

(a) distjf T (w(to), £ ) > P for some finite time to > 0, or 

(b) u(t) exists on R + and converges at an exponential rate to some Uoo G £ in 
Xj as t — > 00. 

If U* is normally stable, i.e. if in addition u(Aq) PI C+ = 0, then (a) does not occur. 

Remark 4.2. If m — then conditions (i)-(iv) of Theorem 14.11 imply N(Aq) = {0}, 
hence R(Aq) = Xq and cf(Aq) n iR. = 0, i.e. it* is hyperbolic. The inverse function 
theorem then yields that it, is isolated in Vi flXi, and so in this case Theorem 14. II is 
contained in (2Ql Theorem 7.1]. 
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It is our aim to extend this local result on qualitative behavior to a global one, 
under the slightly stronger assumption (A, F) G C 1 (V tl ;B(Xi, Xo) x Xq) for some 
fi G (1/p, 1) and provided that (|3.2p holds. Let := V M n X 7 . Assume that 

u G BC(M.+ ; Vfj, n ) is a global solution to (|4.ip . satisfying 

dist(it(*),av^) > 77 > 

for all t > 0. The mapping (t, tti) i— > S(t)ui, defined by S(t)u± — u(t, ui), t > 0, ui G 
V^ i7 defines a semiflow in V^ l7 . Let $ G C(V M , 7 ;R) be a strict Ljapunov function for 
{S(t)} t >o, that is 

($1) The function t > $(S'(t)uo) is nonincrcasing, and 

($2) If = $(«») for all t > then u* G V M n Xi is an equilibrium of 

6H). 

Theorem 13.11 yields that the orbit {u(t)}t>o is relatively compact in X 7 . Hence the 
cij-limit set 

u>(uq) = T/u l7 : 3 t n y +oo s.t. S(t n )uQ — > i> in X 7 , as n — > oo} (4-2) 

is nonempty, compact, and connected. Moreover, dist(S(t)uo, lu(uq)) — > in X 7 as 
t — > oo and w(ito) C J C ^ fl Xi, by (<I>1) and ( < I > 2), wherefore the set of equilibria 
is nonempty. Let it* G w(ito). Then there exists a sequence t„ +oo such that 
S(t n )uQ — * it* in X 7 as t n — > oo. Assuming that it* is normally hyperbolic and t n 
is large enough, Theorem 14.11 yields the convergence of S(t)uo to some equilibrium 
Woo G V^, 7 as t — > oo. Uniqueness of the limit finally implies = u*. We obtain the 
following result. 

Theorem 4.3. Let p G (1, oo), fi G (1/p, 1), G X 7;/J fee open, V^ )7 = fl X 7 and 
assume that (A,F) G C 1 (V r M ; S(Xi, X ) x Xo) and (|3.2|) hold for some /i G (1/p, 1). 
Suppose furthermore that u G BC(E+; V^ )7 ) is a global solution to (|4.1j) . satisfying 

dist(u(*),9V^) > r? > 

/or all t > and let $ G C(V^ j7 ;lR) oe a s£nc£ Ljapunov function for (|4. 1 [) . TTien 
i/ie uj-limit set, defined by ()4.2j) . is nonempty, compact and connected. If in addition 
there exists it* G w(ito) which is normally hyperbolic, then lim^oo u(t) — iz* in X~y, 
u* £ Vfj, n Xi and A(w*)u* = F(u*). 

5. The Mullins-Sekerka problem 

Let f2 C K™, n > 2 be a bounded domain with a smooth boundary <9f2. Let Tq C £1 
be a compact connected hypersurface in f2 which divides il into two disjoint sets fl® 
(liquid phase) and fl® (solid phase) such that di!.® = T and dfl® = T U <9f2. We 
regard r as the initial state of a time dependent family of hypersurfaces {L(i)} t > and 
denote by T{t) its position at time t > 0. Let V(t, •) and n(t, •) be the normal velocity 
and the mean curvature of T(i), and let £li(i) and ^(i) be the two disjoint regions 
in which are separated by T(t), such that dfli(t) = T(t) and dfl2(t) = T(t) U <9£1. 
Let further vr{t, ■) be the outer unit normal field on T(t) w.r.t. tti(t) and let z/(-) be 
the outer unit normal field on dfl. The two-phase Mullins-Sekerka problem consists 
in finding a family {T(t)} t >o of hypersurfaces satisfying 



v = [d vr u K ], t>o, r(o) = r , 



(5.1) 
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where u R = u K (t, •) is, for each fixed t > 0, the unique solution of the elliptic boundary 
value problem 

Au = 0, x 6 0\r(i), 

u = k, x e r(t), (5.2) 
c^u = 0, x £ <9f2. 

Here [<9„ r it K ] := d Vv u\ — d Vv u\ stands for the jump of the normal derivative of u K 
across the interface T(t). In order to reformulate the Mullins-Sekerka problem as a 
quasilinear evolution equation in an abstract L p -setting, we need some preliminaries 
from differential geometry. Let S C Q be a real analytic (C"-) hypersurface such that 
E divides f2 into two disjoint, open, connected sets Oi and f^, the interior and the 
exterior of E. It is well-known that E admits a tubular neighborhood, which means 
that there is a number a > such that the map 

A : E x (-a, a) ->• E n , A(p, r) := p + rz^(p), 

is a C"-diffeomorphism from E x (—a, a) onto its image U a := R(A). The inverse 

A" 1 : R(A) hSx (-a, a) 

of this map is conveniently decomposed as 

A _1 (x) = (n(x),dz(x)), xER(A). 

Here n(x) means the orthogonal projection of x to E and d^(x) the signed distance 
from x to E; so |cfe(#)| = dist(x, E) and d^(x) < if and only if x G fii. In particular 
we have R(A) = {x E K™ : dist(x,E) < a}. Note that one the one side an upper 
bound for a is determined by the curvatures of E, i.e. we must have 

< a < min{l/re,-(p) : j = 1, . . . ,n — 1, p£ E}, 

where Kj{p) mean the principal curvatures of E at p G E. On the other side, a is 
also connected to the topology of E, which can be expressed as follows. Since E is a 
compact manifold of dimension n — 1 it satisfies the ball condition, which means that 
there is a radius r E > such that for each point p G E there are Xj G Qj, j = 1, 2, 
such that B rs (xj) C Qj, j = 1,2, and B rs (xj) fl E = {p}. Choosing maximal, we 
then must also have a < rs- 

In case To G i?(A), we may use the map A to parameterize the unknown free 
boundary T(t) over E by means of a height function p(t,p) with \p\oo < a v i a 

r(t) ipnp + ^p)^), peE, t > 0, 

for small i > 0, at least. We extend this diffeomorphism to all of f2 by means of 

Q h (t, x)=x + x(d s (x)/a)p(t, IL(x))v x (n(x)). 

Here x denotes a suitable cut-off function; more precisely, x G C°°(R), < x < lj 
%(s) = 1 for \s\ < 1/3, and x(r) = for |s| > 2/3. This way $7 \ T(t) is transformed 
to the fixed domain Q \ E. This is known as the Hanzawa transform. Following [14] 
we obtain for the transformed problem (|5.1jl the initial value problem 



p + B(p)S(p)K(p) = 0, t>0, p(0)=po, 



(5.3) 
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on S. Here S(p)g is the solution of the transformed elliptic boundary value problem 

A(p)v = o, x g n\s, 

v = g, ieS, (5.4) 
d v v = 0, x 6 dfi, 

where »4(p) means the transformed Laplacian and if (p) resp. P(p) denote the trans- 
formed mean curvature operator resp. the transformed jump of the normal derivative. 
We want to study (|5.3p in an Pp-setting. Let p > (n + 3)/2 and define 

X = W^- 1/p (£), X x = W^iZ). 

We consider (|5.3p as an evolution equation in the space I/ PjA1 (J; Xo), where J = [0, T], 
T > and /i G (1/p, 1]- To be precise, we are looking for solutions in the maximal 
regularity class 

Hp,n(J': X o) n L p ^(J]Xl). 
The corresponding (weighted) trace space is given by the real interpolation method 
and reads 

X 7 , M = (Xo.Xi^-x/p.p = ^ +1 - 4 /p(E). 

Since p > (n + 3)/2, the Sobolev embedding 

X 7 «_> x 7iP C 2 (S) 

holds for /i G (po> 1) with a sufficiently large jj,o G (I/p, 1). Here the number po G 
(1/p, 1) is given by 

f n+3 1 n + p 

/"o = o + -5 — = - + ~5 — > 
3 3p p 3p 

provided p > (n + 3)/2. Note that we can choose the real analytic hypersurface £ in 

such a way that |po|x 7 M < 8 with a sufficiently small 5 > 0. Therefore we define the 

set from Theorem 12. II to be the open ball Bp "(0) G X ltll , p G (p , !]■ It is well 
known that P(p) can be decomposed as 

K(p) = P(p)p + Q(p), 

where P G C 1 ^; B(Xv, Y)), Y := Wp _1/p (£), is a differential operator of second 
order and Q G C 1 (V^ l ;F) contains only first order terms. Moreover, the (trans- 
formed) two-phase Dirichlet-to-Neumann operator B(p)S(p) has the property BS G 
C^V^BfoXo)). This yields 

and P := BSQ G C 1 (V A1 ;Xo). Now we take care about the maximal regularity 
property of A(p ), p G V^. In other words we want to show that for J = [0,T], 
T > 0, and any / G L p (J;X ) the problem 

a + A(p )a = f, t> 0, ct(0) = 0, 

admits a unique solution a G Hp(J; Xq) PI L p (J;Xi). For this purpose we show first 
that A(0) has this property. Since P(0) = -A s , we have A(0)p = [d^S^Asp)], 
where Sg is the solution operator of 

Av = 0, a; G n\E, 
u = g, ieS, (5.5) 
= 0, x G c?Sl. 
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Hence the maximal regularity property of A(Q) follows from [22J, Section 4]. Since 
A(po) = A(0)+A(po)—A(0), maximal L p -regularity of A(po) follows by a perturbation 
argument, provided |po|a 7 m is small enough. By Theorem l2.1l there exist T = T(po) > 

and e — e(po) > 0, such that B e " , ' f '(po) C and such that the problem 

p + B(p)S(p)K(p) = 0, t>0, p(fl)=pi 

has a unique solution 

P(;pi) 6 H^(0, T; X ) n WO, T; Xj.) n C([0, T]; V^), 

on [0,T], for any initial value pi £ B e 7,M (/?o)« Furthermore there exists a constant 
c = c(po) > such that for all pi,p% £ B e y ' M (po) the estimate 

IIpOiPi) -/>(->Pi)lk >M (o,T) < c IPi -P2k 7 ,„ 

is valid. By regularization wc even have p(t; pi) £ (~l X 7 for all i £ (0, T]. The 
result on local well-posedness of (15 . 1[) reads as follows. 

Theorem 5.1. Let (n + 3)/2 < p < oo and p e (ji , 1]. For eoc/i T £ Wp M+1-4/p , 
</ie Mullins-Sekerka problem (|5.1| /ias a unique solution T(t) £ VFp 4 ^ p on a possibly 
small time interval (0,T]. TTie solution depends continuously on the initial data. 

By a proper choice of the real analytic hypersurface E, reparametrization and suc- 
cessive application of Theorem 15.11 yields a maximal interval of existence J (To) = 
[0,i + (To)) for the solution T(t) of (15. ip . In order to investigate global existence in 
time as well as long-time behaviour, we need some more facts from differential geom- 
etry. First of all, we recall that the set of all C 2 -hypersurfaces which are contained 
in f2, form a C 2 -manifold, which we denote by M.H 2 (Q). A metric on M.H 2 (Jl) can 
be defined as follows. The Hausdorff metric dn , defined on the set K, of all compact 
subsets of W 1 is given by 



du{K\, K-i) = max < sup d{x 1 K2), sup d(K\,x)> , K^K^&fC. 
[_xeK t xeK 2 J 

For Ei, E 2 £ MH 2 (Q), we define 

d(Ei,E 2 ) :-rf ff (AA 2 E 1 ,AA 2 E 2 ), 

as a metric on AiH 2 (fl), where AT 2 E stands for the second normal bundle of the 
hypersurface E £ A4H 2 (il), which is given by 

AA 2 S = {p, i^(p), V s ^ E (p) : P eE}. 

The charts for A4H 2 (U) are the parameterizations over real analytic hypersurfaces 
E C fl. In this sense M.H 2 (Q) becomes a Banach manifold. 

Next, we want to show that each E £ AAH 2 (Q) has a level function. Let U a be 
the tube for E and assume w.l.o.g. that a < 1. We may then define a function 
ip?, £ C 2 (E") by means of 

<ps(x) = g(d E (x)), xeR n , 

where 

g(s) = sx(s/a) + (1 - x(s/a))sgns, s £ K, 

and x £ C°° is defined as above. Then it is easy to see that E = (0), and 
V(^s(a;) = vn(x), for each x £ E. 
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Consider the subset MH 2 (Vl, r) of MH 2 (Vt) which consists of all V G MH 2 (fl) such 
that rc!l satisfies the ball condition with radius r > 0. This implies in particular 
dist(r, e?fi) > r and all principal curvatures of T G AiH 2 (fl,r) are bounded by r. 
Further, the level functions tp-p = jorf r are well defined for T G A4H 2 (fl, r), and form 
a bounded subset of C 2 (Cl). The map $ : MH 2 (n, r) -> C 2 (£l) defined by $(r) = <p r 
is an isomorphism of the metric space MH 2 (fl,r) onto <I>(.A/(-ff 2 (£l, r)) C C 2 (£l). 
Let s - (n - l)/p > 2; for T 3 G MH 2 (VL,r), j = 1,2, we define G W£(ft,r) if 
V?rj G Wp(O) and distw^ (Ti , T2) := \<pri ~ ¥>r 2 |w^ s (fi)- In this case the local charts 
for T G MH 2 {Q,, r) can be chosen of class Wp as well. Finally, a subset K C W^(f2, r) 
is said to be (relatively) compact, if Q(K) C W 7 ^ (f2) is (relatively) compact. 

With the help of the preceding considerations we may define an appropriate phase- 
manifold VM for the two-phase Mullins-Sekerka problem by means of 

vu ■= {r g MH 2 (n) ■. r g w^- 4/p }. 

It is an easy consequence of Theorem 15 . II that the solution T(t) of (|5.ip defines a local 
scmiflow in VM on the maximal interval J(Tq). 

Let us next discuss the equilibria of (|5.1[) . To this end we define a functional </> by 
means of 

<Kr(t)) = / dr = mesr(t). (5.6) 

Jr(t) 

Then the time derivative of (/>(r(i)) reads 

^-(f)(Y(t)) = - f V{t,x)n{t,x)dT = - j {d VT u{t,x)\u{t,x)dT 
dt Jr(t) Jr(t) 

= - div(Vuu)dx = - / \Vu\ 2 dx < 0, 
Jn(t) ifi(f) 

where me made use of the transport theorem and (|5.1[) , (|5.2[) . This shows that is a 
Ljapunov functional for (|5.1|) and it is even a strict one, since (j>(T(t)) = if and only 
if u — k is constant, hence V = 0. Since il is bounded, it follows that T must be a 
sphere Sr(xo) C f2 with radius R > and center xo G £1. If conversely V = 0, then 
k is constant. In other words, the set of equilibria £ of the Mullins-Sekerka problem 
(|5.1[) is given by 

£ = {S fl (a:o) : i? > 0, B fl (a;o) C Q}. 
Basically there are two facts which prevent the solution from existence on R + , namely 

• Regularity: the norm of T(t) in Wp~ 4 ^ p becomes unbounded as t f t + (To); 

• Geometry: the topology of the interface T(t) changes, or the interface 
touches the boundary of £1. 

We say that the solution T(t) satisfies a uniform ball condition, if there is a radius r > 
such that r(J(r )) C MH 2 (il,r). Note that this condition bounds the curvature of 
T(t), and prevents it to touch the outer boundary dfl, or to undergo topological 
changes. The main result of this section reads as follows. 

Theorem 5.2. Let (n + 3)/2 < p < oo and let T(t) be a solution of the Mullins- 
Sekerka problem (|5.ip on the maximal time interval J(Tq) = [0,i + (Fo)). Assume 
furthermore that 

(i) \T(t)\ w i-4/ P < M < oo for all t G J(To), and 
(ii) T(t) satisfies a uniform ball condition for all t G J(Tq). 
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Then J(Tq) = R+, i.e. the solution exists globally, and T(t) converges in VM to an 
equilibrium Too E £ at an exponential rate. To be precise, there exists uj > such that 

e u *diBt W 2_ v ,(r(t),r oo ) 

as t — > oo. 

Proof. Assume that (i) and (ii) are valid. Then r(J(To)) C Wp 4 ^ p (0, r) is bounded, 
hence relatively compact in Wp^ +1 4 ^ p (fl,r) for /j 6 (jUrj,l). Thus we may cover 
this set by finitely many balls with centers which are real analytic such that 
dist w 3v,+i-i/p(T(£),Y,j) < 5 for some j — j(t), t G J(r ), (i G (/io, 1)- Let J k = {t 6 
J(To) : j'(t) = fc}. Using for each k a Hanzawa-transformation, we may employ The- 
orem [BTT1 to obtain solutions T 1 with initial configurations T(t) in the phase manifold 
VM on a common time interval say [0, T], and by uniqueness we have r 1 (t) = r(t+T), 
!+T e J (To). Since the solution depends continuously on the initial data, the set 
r(J(To)) is relatively compact in VM. In particular this yields J(To) = K+ and 
the orbit r(R+) is relatively compact in VM. As we already know, the mapping 
<p defined by (|5.6|) is a strict Ljapunov functional, hence the limit set a; (To) of a 
solution is contained in the set £ of equilibria. By compactness uj(Tq) C VM is non- 
empty, hence the solution comes close to £, i.e. there is a sequence t n — > oo such that 
r(t n ) — » Too G £. For sufficiently large t„ we parameterize T(t n ) over Too by a height 
function p(t n ; •). By [22l Section 4] all conditions of Theorem l4.3l are satisfied for the 
corresponding transformed equation (|5.3j) . Therefore an application of Theorem 14.31 
completes the proof. □ 

Remark 5.3. The conditions (i) and (ii) of Theorem 15. 21 are also necessary for global 
existence and convergence of T(t) to some sphere r M G £ . This follows from a 
compactness argument. 
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